SOME THEOREMS ON THE SCHUR DERIVATIVE
In the present paper we shall give a simple elementary proof of Zorn's congruences. In addition we prove, for example, that for r < p,
where for r < p -1, (1.3 ) holds (mod p m + ι ).
We next ( §4) extend Schur's and Zorn's theorems to algebraic numbers. In § 5 we consider a generalization of another kind suggested by the arithmetic function ( see for example [ 2, p. 84-86] ) 
where Ui is an integer.
Lemma 1 is will known. To prove Lemma 2, we note first that the binomial coefficient ( x ) is a polynomial in x of degree r. Since by (2.1)
the several parts of (2.3 ) follow without much difficulty. This formula, which is given by Schur, is easily proved. In view of (2.1) it can be put in the following symbolic form:
a i where it is understood that after expansion of the right member a is to be replaced by α,.
Suppose now that p \ a and put We next set up a similar formula for Δ Γ σ , where ί7 is defined by (2.6) . Indeed substitution in (2.4) gives Comparison of (2.7) and (2.10) shows that (2.7) is included in (2.10). Indeed it is easy to set up the following formula which includes both (2.7) and
where F Γ> , = F.^ is integral and k > 1. The proof of (2.11) is exactly like the proof of (2.10); the first step is to raise both members of (2.9) to the A -th power.
3. The main results. In order to make use of (2.7) and (2.10) it is evidently necessary to examine p' m + ι '^"~Γ'/i!. We suppose i > r, r<p. Then in the first place it is easily seen [6, p. 462 ] that p ι~Γ /i\ is integral (mod p), and a simple discussion shows that p ι~τ / i\ is divisible by p unless (i) i = p, r = p -1, or
(ii) ί = p + 1, r = p. We now state:
Λαs the denominator p provided aP~ι £ 1 (mod p 2 ); i/ α^" 1 = 1 If we make use of (2.11) rather than (2.7) or (2.10) we get the following more general result. where ω Γj i is integral. Note that for e > 1 the right member of (4.5) need not be integral. Accordingly we assume e = 1; the assumption p > n is then no longer needed.
We now have: Then clearly ΔpΔ^ = Δ^Δp. If a and k are arbitrary integers then if follows from a well-known theorem concerning (1.4) that
is integral. In view of Schur's theorem we can state the following generalization. The restriction (a 9 k) = 1 can be removed by taking k sufficiently large as we shall see below.
A slight extension of Theorem 11 is contained in: A similar but slightly more complicated formula can be stated for (5.5) . We shall omit the generalization of Theorems 11 and 12 to algebraic numbers.
6. Applications. In the theorems of § 2 it is assumed that p Jf a. However Theorem 3, for example, is easily extended to the case p | α. We can state that Δ Γ α^ is integral for r < p -1 and arbitrary a provided m > r. For let p | a; then, in view of (2.4) , it is only necessary to verify that
for 0 < i < r < p -1, r> m. This can be proved by induction with respect to m. In the next place since Theorem 11 is a direct consequence of Theorem 3 we infer that it also holds for all a provided r < min (e lf , e s ) in the notation of Theorem 11. Now consider the number As an instance of (6.1) we take the well-known formula for the Euler polynomial Finally corresponding to (6.6) we state for β k (x) as defined in (6.7).
